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PACS numbers:
I. INTRODUCTION
Exact solutions of Einstein gravitational field equations are represented by Lorentzian manifolds with metric g µν (x ρ ), µ, ν, ρ.... = 0, 1, 2, 3, .., satisfies the common form of Einstein equation:
Here g µν , is a measure of theory . The Ricci tensor R µν = g ρσ R ρµσν , where g µρ g ρν = δ µ ν (see [1] for a complete list of possible solutions). Based on different forms of energy momentum tensor, the following are the types of well-known exact solutions: (i) Vacuum solutions, (ii) Electrovacuum solutions, (iii) Null dust solutions, (iii) Fluid solutions, (iv) Scalar field solutions and (v) Lambdavacuum solutions [1, 2] . As a natural extension of the vaccum spherically symmetric solution to stationary systems, the NUT solution is given (in t, r, θ, φ coordinates) in the following form [3] 
where, e −2ν = 1 − 2r −2 q 2 + mr and l defines the magnetic mass (charge) or NUT factor and m is point mass in Schwarzschild space [3] . Further dr 2 denotes the metric of unit sphere. NUT spacetime is a vaccum solution but is not asymptotically Euclidean so we can't construct a field theory on it. NUT-Space was discovered in Ehlers thesis [4] and later rediscovered [3] . Diffferent aspects of this solutions have been studied in the literature [5] [6] [7] [8] [9] .
Derivation of NUT spacetime using Ehlers transformation is known. In the present work we study a more complicated version of such transformation. We start by a static seed metric which it solves Einstein field equations in vaccum. We present and prove a theorem from Buchdahl [10] ,it shows that how we can construct another static vaccum solution of Einstein gravity,which is not coordinate transformation. 
II. RECIPROCAL STATIC METRICS
At the beginning of the present section we first state the main proposal of the reciprocal principle. We follow the terminology of [10] . The concept of metricḡ reciprocal to metric g was defined by the following n ≥ 4-dimensional metric:
In vaccum , R µν = 0. The reciprocal algorithm works if g,ḡ satisfy the vaccum Einstein equation.
Under reciprocal transformation the Einstein field equations remain unchanged. If we denote by T ν µ = 1 2 δ ν µ R − R ν µ the corresponding tensor-density,then reciprocal algorithm follows by these identities:
If we define (4) may be written in the form:
So we conclude as the following: Reciprocal transformation of two static metrics is a transformation which it preserves the form of Einstein equation and additionaly , under this transformation the components of the quantity Q ν µ decomposed to Q j i (tensor),Q a a (scalar) behave like (5). If we take x a = t (time), we can underestand the scalar Q a a as energy. After this introduction to the topic we follow our curious four dimensional case. If we choice n = 4, a = 0,we start from a static (time independent) vacuum solution of Einstein field equations in the following representation:
It solves vacuum field equations G µν (g) = 0. We have a theorem about such metrics Theorem: Starting from (6) as seed metric, we perform a reciprocal transformation on it. The following new metric is also an exact solution of vacuum field equations G µν (ḡ) = 0:
Proof : Non zero components of Ricci tensor components for a typical metric in the form of
are written as:
So Einstein tensor G µν = R µν − 1 2 Rg µν components read as the following:
Our aim here is to show that how the above equations satify by the given reciprocal metric.
Firstly the vaccum Einstein field equations for seed metric (6) imply that :
Note that all unbar quantities constructed from the spatial metric g ij . So, seed is an exact solution if and only if (13) satisfies. If we write the metric function e 2γ seed = g 00 we obtain the following constraint equation:
Now we are ready to show that how (7) solves Einstein equation if and only if the seed metric (6) satisfies (14) . Its easy to write the Einstein field equations for (7) by considering the constraint equation (14) and by plugging (13) in the following forms
Note that so far the above pair of equations can be solved by the pair of metric functions σ = log g 00 , γ = − 1 2 log g 00 = −γ seed thanks to the contraint equation (14) . It completes our proof. Transformation between two kinds of metrics given by Eqs. (6) and (7) is called reciprocal transformation. It was proposed firstly for vacuum solutions [10] . However, later it was extended to non-vacuum cases also. In the present work we shall investigate the vacuum solutions through reciprocal transformation in the simplest form as shown in the above theorem.
III. EHLERS TRANSFORMATION
The basic idea behind Ehlers transformation is to find a way for generating a certain family of stationary metrics from the given static (non-stationary) metrics. Let us assume that we have a static mass distribution density with gravitational dipole moments. If this mass configuration is rotated physically around an axis then it transits to higher order moments, which are quadrapoles in this case. We are interested to understand this kind of transition in the language of electro-magnetic gravitational fields. It means we find a similar formulation of the Einstein field equations in vacuum in terms of a set of the vector fields, in a similar manner as electric or magnetic fields in classical Maxwell's theory. Indeed, as we shall observe, transition of a dipole moment to quadrapole is well understood in terms of the gravitoelectromagnetic fields. To start, let us introduce a methodology using the (1 + 3)-decomposition (threading) of a spacetime,prposed generally for any stationary spacetime via a congruence family of time like curves. For a typical metric we obtain following decomposed form of the spacetime line element [12] :
In the terminology of [12] , here dL and dT are defined to be the invariant spatial and temporal length elements under general coordinate transformation. It defines the spacetime line element between two causal events. They are obtained from a set of normalized tangent vector T a = ξ a |ξ| to the time like curves in the following form ;
Here h ab denotes an induced metric
Here we define a vector potential using A a ≡ − ξa |ξ| 2 . We are able to rewrite the metric in the following optional form:
We opt for a well posed and preferred parameterization of the coordinate time x 0 (generally and strictly speaking it doesn't have the same interpretation as physical time) for the comoving observers;
So far, we have the following equations [11, 12] ;
where
and
We introduce U and A as the gravitoelectric and gravitomagnetic potentials respectively. The corresponding vector fields are [13] ;
where the vector differential operators are computed in the γ space. Einstein gravitational field equation in vacuum has the following forms:
We have the following theorem:
with dl 2 = e 2U dl 2 representing the conformal spatial distance, represents the metric of a static vacuum spacetime, then,
(with α = constant > 0, U = U (x α ) and A β = A β (x α )) is the metric of a stationary vacuum spacetime if and only if A α satisfies the following equation; Integrationg of Ehlers equation is equivalent to solve Maxwell's equation by a given scalar potential U . In this work, we shall derive the reciprocal NUT spaces as the stationary spacetime which is the gravitational dual of reciprocal static space as seed.
IV. PROPERTIES OF GRAVITOELECTROMAGNETISM EQUATIONS UNDER RECIPROCAL TRANSFORMATION
Throughout this section we usedˆto refer to the reciprocal quantities . By simple replacement ofÛ = −U the reciprocal form of (23) is obtained as:
One can write (24) analogous to (26) in the form:
The reciprocal vector fieldÂ satisfies the reciprocal Ehlers equation:
Note that dγ 2 = g 00 g ij dx i dx j = dl 2 ,consequently √γ = √γ . Comparison of (25,28) leads to:
So, gravitational dual of the reciprocal metric changes the gravito fields to the following forms:
The reciprocal forms of the field equations are written in the following:
Note that e 2U | 1+3 = 
Theorem: The full system of the Maxwell equations for gravitoelectromagnetism fields is invariant under a reciprocal transformation of the fields and NUT parameter as the follows:
So metric and reciprocal metric are physically correspond to two different spacetimes .
V. RECIPROCAL SCHWARZSCHILD SPACETIME
Reciprocal metric of Schwarzschild spacetime is obtained using the reciprocal formalism. One
This is verified to be a non flat exact solution to the vacuum Einstein field equations using the Maple tensor package 1 .
1 Schwarzschild is unique solution which could be cast in the isotropic coordinates. Addition of a constant in potential in Einstein gravity is non-trivial, Schwarzshild solution is g00 = −1/g11 = 1 + 2Φ where Φ = −M/r. If one adds
VI. RECIPROCAL NUT SPACE FROM RECIPROCAL SCHWARZSCHILD THROUGH EHLERS TRANSFORMATION
We begin with the reciprocal schwarzschild mertic in the form (41) ;
It is observed that starting by this seed the Ehlers equation (25) reduces to,
in which we suppose that A θ,φ = 0 to keep the terminated stationary spacetime single valued and axially symmetric.
By imposing axial symmetry, gravitomagnetic field is obtained to be,
(it is compared with the case of non reciprocal NUT space with a plus sign [16] ).
So the resulted stationary metric is given by;
It coincides with the NUT space in its original form if we apply a suitable coordinate transformation [16] . It infact coincides with the previously result [19] . The case of pure NUT is obtained when we set M = 0 but we keptq = αM = 0, c 0 = 2αM , it reads as the following form:
If we rescale radial coordinate as √ αr =r and meanwhilet =
we obtain:
a constant to Φ to write Φ = −M/r + k, then it would no longer be a vacuum solution
Reciprocal transformation here refers to the change of the sign of potential function U = log √ g 00 .
It means the reciprocal configurations has the same amount of energy but with negative sign of magnetic charge. After applying the dual transformation, the same stationary metric is obtained but with a negative charge sign. Both stationary metrics mimic the same form but their seeds are reciprocal. Dual gravitational rotation included a NUT charge which has the opposite sign for both seed metrics, reciprocal and non reciprocal. Physically, Ehlers' transformation induced a reciprocal (with opposite sign) of gravitomagnetic monopople charge . Reciprocality in the energy content of the seed metric is related to the charge of the resulted stationary solutions.
VII. RECIPROCAL MORGAN-MORGAN DISK SPACE
The thin metric of a static disk with gravitational Quadrapoles was introduced originally in [17] .
A modern formulation of this metric was presented later by Morgan-Morgan (MM) spacetime [18] .
The appropriate coordinate system is oblate ellipsoidal coordinates (ξ, η) in which the definition of these coordinates is understood through the The Weyl (ρ, z) axial coordinates are;
The location of the disk is at ξ = 0 , |η| ≤ 1 .
Reciprocal MM spacetime is written in the following form:
in terms of the oblate ellipsoidal coordinates (ξ, η);
Here auxiliary functions are defined by
MM metric is one of the most explicit forms of the disk metrics. It has an interpretation as a dust diak rotationg clock side and counter clock side in such a way that the metric has zero net angular momentum.
VIII. RECIPROCAL MORGAN-MORGAN-NUT
Starting with the reciprocal Morgan-Morgan static disk space given by equation (45) we rewrite it as follows
Now selecting an axially symmetric gravitomagnetic potential A = A φ (ξ, η)φ,via Ehlers transformation (25) we obtain;
where α is the duality rotation parameter and a denotes the radius of the thin disk . By substituting the above potential into the equations we find:
The NUT factor for reciprocal metric changed the sign from plus to minus in the form l = −M α (with the negative sign in comparison to the usual NUT space). To recover the reciprocal MorganMorgan space as l → 0, we adapted α = 2β, Consequently the metric of the reciprocal stationary spacetime of a thin disk with mass M and magnetic mass (NUT factor) q is obtained by ;
In a similar manner as the previous case and using the Maple tensor package, it is easy to verify that this metric solves vacuum Einstein field equations .
IX. CONCLUSION
Generating methods to find new exact solutions of Einstein equations are few. As a motivated work,we reintroduced and proved a theorem. This theorem stated that for any given static solution of Einstein field equations there exists a unique reciprocal metric which it also satisfied field equations. The physical meaning of reciprocal transformation has been understood via energy tensor. 
